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We show that a moderately strong constant electric field in the plane of a monolayer 
graphene sheet can create particle-hole pairs at an observable rate.  The pairs undergo 
zitterbewegung in opposite directions leading to a Hall-like separation of the charge 
carriers and a measurable transverse dipole moment is predicted which serves as the 
signature of the zitterbewegung.  In contrast with the created pairs, the zero modes of the 
excitation induce a current transverse to the electric field but do not result in separated 
charges.  For bilayer graphene a similar effect by the electric field is shown not to be 
possible.    
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For heavy nuclei the binding energy of an electron in the lowest orbital grows 
faster than the square of the atomic number Z.  If Z =145 the binding energy of this 
electron exceeds the mass of an electron so adding an electron diminishes the atom’s 
mass.  When Z = 173 the binding energy equals the mass of an electron-position pair so 
the creation of such a pair requires no expenditure of energy [1].  If Z is even greater so 
the Coulomb field is the more intense, pair production could occur spontaneously and 
would then be detected by the emergence of the positron expelled from the nucleus and 
the decrease of the nuclear charge because of the residual electron bound to the innermost 
orbital.  In turn this implies a ‘charged’ vacuum near the nucleus whose properties differ 
markedly from those of an ordinary uncharged vacuum [1, 2].  This effect whereby a 
super-heavy atomic nucleus becomes spontaneously unstable has not been seen because 
the formation of such nucleus is far beyond present-day experimental realization.  One 
wonders whether the ultimate flat sheet graphene, due to its unusual Dirac-Weyl type 
band-structure near the Fermi level where the Fermi surface reduces to two inequivalent 
K points of the Brillouin zone, might not be a candidate in which an analogous effect 
could occur [3].  Although we do not give an unqualified affirmative answer we note 
nevertheless that a new particle-hole Hall effect exists for Dirac particles in monolayer 
graphene which may potentially be observed with available technology. 
 
We will show that a moderately strong uniform static electric field (analogous in 
this case to the Coulomb field of a large Z nucleus) in the plane of a graphene sheet can 
induce the creation of a particle-hole pair (or pair for short) per unit cell of the graphene 
lattice [4].  As each pair is pulled apart by the electric field, the particle and hole undergo 
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zitterbewegung in opposite directions evolving ultimately into separated charge carriers 
and, on a macroscopic level, to the formation of a polarized sheet which serves as the 
signature of the pairs produced.  Such sheets might find application in the formation of 
fullerenes and carbon nanotubes [5].  We estimate the dipole moment that can be 
expected which turns out to be of the same order as that of a boron nitride nanotube [6]. 
The measurable dipolar polarization can thus serve as a signature of the pair-production 
process in graphene following from a Hall-like charge separation.  Moreover the 
experimental investigation of zitterbewegung is the object of current interest because it is 
thought that in quantum wires it could occur in the terahertz regime [7, 8]; its dynamical 
nature which we consider is also of importance in femtosecond pulse technology [9].  We 
note that an analogous effect cannot be induced by an electric field in bilayer graphene.  
Additionally, graphene is a gapless semiconductor whose band Hamiltonian is identical 
to the zero-mass limit of the Dirac equation, so it will come as no surprise that the 
massless pair produced illustrates the axial anomaly in which parity is violated [10, 11].  
In verifying this we find that an induced current appears as a result of the polarization of 
the Dirac sea in response to the electric field but which does not lead to separated 
charges.  This phenomenon is attributed to the zero modes of the system whilst the afore-
mentioned pair production and separation are traced to the non-zero modes. 
 
Consider the low-energy excitations with momenta in the vicinity of the Fermi level 
near the K point in the Brillouin zone of graphene which obey a Dirac-type equation [10] 
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where  (Fermi velocity) and are set to unity and a static uniform electric field - in 
the y-direction is present.  We are working in the space-dependent Coulomb gauge so the 
vector potential is . The matrices operate on the one-valley, triangular 
sublattice (pseudospin) space of the graphene honeycomb structure corresponding to the 
A and B atoms.  Although the fermions are massless we have introduced a  term for 
later convenience.  Each Fourier mode of the field can be expanded as
, so Eq. (1) simplifies into two 
Schrodinger-type equations for a unit mass in an inverted harmonic oscillator potential 
Fv
)t =
h
)0
, ty
0E
,0,( 0 yEA =μ
)( ya ,(xχ
Δ
,,( )(eyx txki x ωφ − )() )( ybe txki x ω−=
0
)(
)(
24
1 2
2
2
=⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎟⎟⎠
⎞
⎜⎜⎝
⎛ ±−+ ⊥ ξ
ξξξ b
aia
d
d
k       (2) 
in which )(/2 00 yqEqE += ωξ , . Since the particle energy 
corresponding to Eq. (2) is negative, the above describes tunneling from a turning point 
to another turning point .  The positive-energy solutions can be given in terms of 
complex parabolic cylinder functions [12] 
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where )1(2 2 −= ⊥kaeiA π , ⊥= kaeB π2 , 2=C , ,αξξϕ iik eex 4/
2
)( −= ξα ln⊥= ka 4221 πφ −−  
and )(arg 21212 ⊥+±Γ= kiaφ , and we have also given the asymptotic forms far away from 
0=ξ .  We observe that  describes an incoming particle from tik ex ωϕ −* −∞=ξ and an 
outgoing particle to +∞=ξ .  Similarly describes outgoing particles totωik exϕ − ±∞=ξ .  
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By reversing the signs of ω and q in Eq. (1) we can obtain similar results for the 
negative-energy solutions: 
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in which the over-bars distinguish this case from the positive-energy solutions and the 
symbols have the same meanings here.  Now, however, we have to interchange the 
interpretations of and , and understand to meantik ex
ωϕ −* tik ex ω− tie ω− tie ω .  Thus every 
outgoing particle solution is matched by an incoming negative energy solution which 
propagates with opposite charge in the reverse direction.  This symmetry is lost, however, 
for the zero modes and this spectral asymmetry will be discussed later.  We interpret 
2/ BC as the tunneling probability and 22 // BABC =−1 as the reflection probability or 
vacuum-vacuum probability, consistent with flux conservation [13, 14].   
 
 The interpretation above leads to an expression for the pair-production rate if we 
appeal to an analogy with instantons through potential barriers.  The tunneling probability 
per mode xkSeBC 22/ −= is determined by the single-instanton action 
⊥=+ω−Δ+= ∫ +− kyy xk adyyqEkS x π2022 )(      (5) 
where are the classical turning points [15].  The single instanton and multi-instantons 
(corresponding to multi-traversals between turning points) have been found to be related 
with one-pair and multipair production, with analogous relations between anti-multi-
±y
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instantons and the annihilation of created pairs.  When there is no tunneling instanton, 
neither is there pair production.  For the case at hand which involves fermions, 
multiparticle production is however prevented by Pauli blocking.  Hence the tunneling 
probability given above is also the total tunneling probability.  Then the relative 
probability for no-pair production is 1- and the fermion pair production per unit 
area per unit time is 
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We evaluate this to obtain the pair production rate per unit area for spin-1/2 fermions (we 
reinstate and in this result) [13] h Fv
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For a typical electric field of V 1710 m − and taking we obtain a pair 
production rate in graphene in the limit ∆ൌ 0 of about 1 pair per 0.25 ns per cell (area 
).  The effect of a spin-orbit interaction, if it exists, is to include a constant 
  in Eq. (1).  However is of order meV and its effect on the production rate 
16 sm10 −≈Fv
Γ
220 m105 −×≈
Δ Δ Γ  is 
hardly noticeable.  After the creation of a pair, it is unlikely a second one will emerge 
because the created pair would set up a reactive field sufficient to oppose the applied 
external electric field.  Moreover the striking band structure in graphene holds only at 
half-filling when each site of the lattice yields one electron to the Fermi sea [16]. 
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 A brief digression, invoking the above developments, will show that pair 
production cannot occur for bilayer graphene.  Still working in the Coulomb gauge Eq. 
(1) is now replaced by (m is the corresponding fermion mass) [17] 
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We follow the same procedure as before and for simplicity choose  so there is no 
motion in the x-direction.  Then the mode expansion employed in Eq. (1) yields a single 
Schrodinger equation
0=xk
ωφφ hh −=+− ∂∂ }{ 02 222 yqEym , with χφ −= .  This is the equation for  
tunneling through a linear potential from some finite turning point  to .  The 
action in this case is infinite, that is, there are no finite instantons available.  Thus all 
would-be instantons from one spatial infinity to another are infinite and do not contribute 
to the tunneling probability; hence there is no pair production in bilayer graphene.   
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 We return to the fate of the created pair.  The pair is subject to the electric field 
and each component undergoes Zitterbewegung or trembling motion as depicted in Fig. 1 
[8, 18].  To investigate this it is convenient to choose the gauge ))(,0,0( tAA =μ , where
. The corresponding two-dimensional Hamiltonian in this new gauge is ∫−= dttEtA )()(
Π⋅= vrσFvHˆ , in whichσv are the usual Pauli matrices ),,( zyx σσσ andΠr are the conjugate 
momenta (the notation refers to Cartesian vectors).  We evaluate the 
matrix-valued velocity operator in the Heisenberg picture, 
)0qE+ ,0t,( pp yx
=)(ˆ tv  
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)/ˆexp(ˆ)/ˆexp( hh tHitHi −v  where ),(ˆ yxFv σσ=v is the time-independent velocity operator 
in the Schrodinger picture.  The result can be expressed succinctly as 
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Π⋅Π≡Π vvwhere  and  (in evaluating the vector products we retain in the end 
only the planar components).  The above describes undamped trembling motion with the 
(time-dependent) frequency , which is determined by the difference in energy 
between the particle and hole components (for a given k).  For a fixed direction of ࡱ଴ in 
the plane, this trembling motion is transverse to it.  If initially there is negligible motion 
so  is small to start with, then only 
h/Π≡k
vF2 k
yΠΠ counts and the zitterbewegung will be in the x-
direction superimposed over the motion along the electric field. 
 
 We evaluate the zitterbewegung assuming a created charge carrier given by a two-
dimensional Gaussian wave-packet initially centered at with characteristic width d, 0k
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In undertaking this calculation we note that (a) we are working in pseudospin space, and 
(b) the calculation of fluctuations of an infinite plane wave is hardly meaningful as 
pointed out by Lock [19] and by Rusin and Zawadzki [8].  With )0,(rψ we calculate the 
11 component of , assuming )(ˆ tv for simplicity, 00 =xk
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We also find that 0ˆ =ψψ yv .  When 00 =k and 0=E then 0ˆ =ψψ v . Unlike Eq. (9) 
the result (11) shows a damped transient behavior (independent of ), consistent with 
zitterbewegung being a dynamical phenomenon and not a stationary one.  One can also 
verify directly that zitterbewegung is the result of interference between the particle and 
hole eigenstates [8].  Results for ۃݒ௫ۄ versus time are plotted in Fig. 2 for several realistic 
widths: ܧ଴ ൌ 10଻ܸ ݉ିଵ, ݇଴௬ ൌ 10ଽ݉ିଵ, d = 5 (orange), 10 (dashed, blue), 20 (red) Å.  
The particle displacements are 0.3 and 0.45nm, respectively, for the latter two values 
of d (see Fig. 1).  This corresponds to a dipole separation of nearly 1 nm per unit cell 
which is not very different from that observed for BN nanotubes [6].  Thus, this predicted 
dipole moment can provide an experimental basis for detecting the pair production 
process and subsequent Hall charge separation in monolayer graphene. 
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 We return to the zero (zero-energy) modes and show that they induce a vacuum 
Hall effect, but do not yield the separated charge carriers, unlike the non-zero energy 
modes as explained above.  First we note the spectral asymmetry in the solutions (3) and 
(4): although every particle is matched by a hole, this symmetry is lost for the zero 
modes.  To show this we multiply Eq. (1) by xσ to obtain the eigenvalue form 
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where we work in 2+1 dimensions: ),,( yxz ii σσσγ μ = , )0,0,( yqEA =μ  and the 
Minkowski metric is used.  The operator on the left-hand side is anti-hermitian.  The
)(ynξ  are the parabolic cylinder solutions of Eq. (1) written with a discrete index and nμ
are their corresponding eigenvalues  in Eq. (2).  Nowxk nμ can have positive or negative 
sign, but when , we may transpose the delta term and recall that is positive.  So 
for the zero modes the symmetry is absent. That 
0=xk Δ
0=Δ does not invalidate the argument; 
it just simplifies the picture.  
 
 Next, as observed by Ishikawa a small adiabatic change of the vector potential A 
induces a current in the direction transverse to the external electric field [20].  The 
partition function Z is the determinant of , so the relevant 
quantity has the symbolic form [r . The computation of the 
induced current density (transverse to ܧ଴) is carried in the usual way [10], invoking 
the relation between the zero and non-zero modes, 
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in which we inserted suitable normalized eigenstates (cf. Eq. (12)) and adapted the 
discrete index. Replacing ωd  by 02 0 dyqEhπ  and integrating we find, ∫ ∑ += niEex dj μλπ λ 12 202 h .  
If we consider momentarily only the nonzero eigenvalues 0≠nμ the sum can be split into 
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four sums: 
nn iμλμ ±±>Σ 10 .  Thus for 0≠nμ the net result is 0=xj .  Extra care is required 
for the zero modes since there are only two (not four) terms of the form Δ±iλ 1 (when 0=Δ
two solutions are still present because the negative energy solution has the opposite 
charge to its counterpart). The net result is thus not zero but, 02
2 Eijx = e hπ
 
or νρ
νρ Fxπ εe h4 2 , 
when expressed in the usual form of the axial anomaly.  The spectral asymmetry is 
clearly responsible for this result.  It is not an accident that the coefficient of ܧ଴ is 
precisely the vacuum Hall conductance ߪ௫௬௩௔௖ which can be shown to be due to the 
polarization of the Dirac sea as a response to the electric field [21]. Note that is even 
under parity, whereas ܧ଴ is odd [22].  Unlike the particle-hole pair undergoing 
zitterbewegung this polarization phenomenon arising from the zero modes does not lead 
to a measurable dipole moment in graphene. 
xj
 
In summary, a moderately strong electric field in the plane of graphene is 
energetically capable of creating one particle-hole pair per cell in graphene.  As each 
charge undergoes zitterbewegung they are separated in the presence of the field; the 
resulting dipole moment per cell is predicted to be of similar strength as that for typical 
BN nanotubes, and hence detectable experimentally.  The zero modes on the other hand 
induce an anomalous current transverse to the electric field, but in contrast with the 
particle-hole pairs, do not lead to separated charge carriers.    This phenomenon is 
peculiar to monolayer graphene and does not have a counterpart in bilayer graphene. 
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FIG. 1 Schematic diagram of a static electric field ܧ଴ (orientation is arbitrary) in the 
plane of monolayer graphene.  A particle-hole pair created at ሺݔ ൌ 0, ߦ ൌ 0ሻ is separated 
by the field and as they undergo zitterbewegung (solid path for the particle and dashed 
path for the hole), they evolve into a separated pair with transverse separation 2ݔஶ. This 
can be measured as a transverse polarization.  
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FIG 2.  Plots of ൏ ݒ௫ ൐ (in units of ݒி  ൌ 10଺݉/ݏሻ versus time (in fs) for ݇଴௬ ൌ
10ଽ݉ିଵ, ݇଴௫ ൌ 0, d = 5 (dot-dashed, orange), 10 (dashed, blue), 20 (red) Å.  The electric 
field is ܧ଴ ൌ 10଻ܸ ݉ିଵ.  The oscillations are strongly damped, and depend on the width 
d of the Gaussian wave-packet. 
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